The conjugate traceand traceof a planepartition aredefined,and thegenerating function for the number of plane partitions TT of n with <r rows and largest part <m, with conjugate trace t (or trace I, when m = co), is found. Various properties of this generating function are studied. One consequence of these properties is a formula which can be regarded as a q-analog of a well-known result arising in the representation theory of the symmetric group.
INTRODUCTION
A plane partition n of n is an array of non-negative then we call the partition h, >, X2 > **a 2 X, of the integer p = A, + **-+ A, the shape of n, denoted by X. We also say that v has r rows and p parts. Similarly if hi' is the number of parts in the i-th column of n, then, for some c, A,' 3 AZ' > **-> A,' > Ai+1 = 0.
The partition A1' > A,' 2 *es > A,' of p is the conjugate partition to h 13, Ch. 19.21, and we say that rr has c columns.
If nii > 0, then the integer hij = hi + hi' -i -j + 1 is called the hook length of nii . Thus hij is the number of non-zero entries directly to the right or directly below nij , counting nii itself once. We also write h, , h, ,..-, h, for the hook lengths of the parts of 7~ (in some arbitrary order). If nii > 0, the integer cij = j -i is called the content of nij (this terminology is derived from [7, Ch. 4.3] ), and we write c1 , c2 ,..., c, for the contents of the parts of n (in some order). Note that the hook lengths and contents of the parts of T depend only on the shape h of rr, and not on the parts nij themselves. We sometimes refer to the hi's and Ci'S as the hook lengths and contents of A.
If the non-zero entries of 7~ are strictly decreasing in each column, we say that rr is column-strict.
Throughout this paper we employ the notation:
This latter expression is called a Gaussian coeficient (or generalized binomial coeficient). It reduces to an ordinary binomial coefficient (3 whenx= 1. Let yla be the number of column-strict plane partitions of iz of shape h and largest part < m. Define the generating function and define F(A) = limm.+m F,(h). Thus the coefficient of xn in F(A) is equal to the number of column-strict partitions of II of shape A. It is proved in [8, Th. 15 .31 that F,(X) = xa (m + c&m + cz) e.0 b + 4 oh)@*) **-(4) ' FO) = x'%W@3 *--(W, (2) where (3) This result is also given implicitly by D. E. Littlewood [S, p. 124, Th. I]. Note the similarity of the expression for IF,(X) to a Gaussian coefficient. In fact, F,(X) reduces to a Gaussian coefficient ( m+p--l P 1
(except for the factor x") when X has just one part, i.e., when the corresponding plane partition is linear. Thus F,(h) can be regarded as a kind of "two-dimensional" Gaussian coefficient.
THE CONJUGATETRACEOFAPLANEPARTITION
Let pn be the number of plane partitions of n with < r rows and largest part < m. It is known that . c pnxn = n IJ (1 -xi+j-l)-l* n=o i=l j=l (4) For a proof of an even stronger result, see, e.g., MacMahon [6, Sect. 4951 . A combinatorial proof of (4) appears in Bender and Knuth [l, Th. 21. A simple derivation of (4) from (2) appears in [S, Sect. 181. In view of (4), it is natural to ask whether there is some combinatorial interpretation of the coefficient of qtxn in the expansion of The result of Knuth may be stated as follows:
(K) There is a one-to-one correspondence between ordered pairs (fll , n2) of column-strict plane partitions of the same shape and matrices (ai,) of non-negative integers. In this correspondence, (i) k appears in 7riT1 exactly xi aik times, and (ii) k appears in 7rz exactly Ci uki times.
It should be remarked that an implicit form of(K) was given previously by Littlewood [5, p. 103 Let rr be a plane partition. The conjugate trace of VT is defined to be the number of parts nij of rr satisfying nij 3 i.
We write T&,(n) for the number of plane partitions of n with < r rows and largest part < m, and with conjugate trace t. Also define Thus, e.g., Tt*(n) is equal to the number of plane partitions of n with conjugate trace t.
THEOREM.
We haue f f T&,(n) qtx" = fi fi (1 -qxifj-y-1. n=O t=o i=l j=l ProoJ Frobenius [2] (cf. also Sudler [9] and Littlewood [5, p. 601) has constructed a one-to-one correspondence between linear partitions A1 2 AZ 3 *. In this correspondence, the number r of rows of 7~ equals the largest part m2 of 7~~) the largest part m of 7~ equals the largest part m, of rrl , and the conjugate trace t of rr equals the number of parts p1 = pz of rrl or 7~~ (by the last sentence of the previous paragraph). Also if ri is a partition of ni , then 7~ is a partition of n, + n2 -t. Thus T&,(n) is equal to the number of pairs rrl , niT2 of column-strict plane partitions of the same shape satisfying:
(i) the largest part of 7~~ is g r, (ii) the largest part of z-Z is < m, (iii) the number of parts of n1 or 7r2 is t, (iv) the sum of the parts of n1 and z-~ is y1 + t.
The above product thus equals
3. THE TRACEOFAPLANE PARTITION 3.1. DEFINITION. The trace of a plane partition 7r with entries nii is defined to be C nii . Let T&z) be the number of plane partitions of n with < r rows and trace t, and let
T,(n) = F-5 T&h
Every plane partition T has six conjugates (called aspects by MacMahon [6, Sect. 4271). One of these, call it r', is obtained from rr by taking the conjugate partition of each row. For example It is easily seen that 7~ and n' are plane partitions of the same integer n, that they have the same number of rows, and that the conjugate trace of 7~ is equal to the trace of z-'. (This explains the terminology "conjugate trace.") There follows:
T,*,(n) = T,dn). It is easy to verify, using (2) , that F,(h) and (t)! F(A) are polynomials in x with integer coefficients and are both divisible by xt. Hence grt(x) is a polynomial with integer coefficients. m
We remark that it can be shown, using techniques from this writer's thesis, that the coefficients of F@) and (t)! F(A) are non-negative, so the coefficients of g,,(h) are also non-negative.
On the other hand, we can consider the polynomials gl.,(x) from the point of view of (6). This gives:
The polynomials g,+(x) satisfy the two recursions
Proof. From (6) we have
According to a well-known identity of Euler (e.g., [3, Th. 348]),
Thus equating coefficients of q*/(t)! in (8) gives
Moving the term k = 0 to the left and dividing by -(t) gives (i).
Similarly (ii) is obtained from (8) (ii) We have h f 11 t e o owing congruences (mod xt+l) for k = 0, 1, 2,...
, .
(l<k<t-1)
Xk t (
-k+r-1 r-1 1
Multiply the k-th congruence by gPk(x) and sum over all k. This gives
Now xtgJx) z xt and xtg,,(x) 3 x6, so, by Theorem 4.2(ii), the left-hand side of (9) is congruent to g&x) (mod xt+l). By (7), the right-hand side is equal to and the proof follows. 
THE CASE r = m = CC
An analysis similar to the preceding can be made of the generating function G(q, x) and of the g,(x)'s. We state results analogous to those in Section 4. Those proofs which are straightforward modifications of the above proofs, or which follow from the above by letting r -+ 00, will be omitted.
5.1. THEOREM. g,(x) is a polynomial in x with non-negative integer coeficients given by (ii) deg g,(x) = t(t -1).
(iii) xt't-l'g,(l/x) = g,(x). 
